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Abstract 

Based on Makino's solutions with radially symmetry, we extend the corresponding ones 
with elliptic symmetry for the compressible Euler and Navier-Stokes equations in R N (N > 2). 
By the separation method, we reduce the Euler and Navier-Stokes equations into 1 + TV 



differential functional equations. In detail, the velocity is constructed by the novel Emden 



' dynamical system: 

o ' 



= 77T v^r. for i = 1,2,...., TV 

ai(0) = a i0 > 0, di(0) = an 



. — \ 

with arbitrary constants f, a;o and an. Some blowup phenomena or global existences of the 



solutions obtained could be shown. 
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1 Introduction 

The compressible Euler or Navier-Stokes equations are written as the follows: 

Pt +V ■ (pu) =0 
P + (w ■ V) m] + K p 1 =pAu 
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where the density p — p(t,x) and velocity u = u(t,x) = (u\, U2, un) £ R n with x = 
(xi,x%, ...,xjv) S -R^- And if > 0, 7 > 1 and /i > are constants. If /1 = 0, the system ^ 
is the Euler equations; if p, > 0, the system ([2) is the Navier-Stokes equations. 

The Euler and Navier-Stokes equations (|2|) are the very fundamental models in fluid mechanics 
[2] and pp. Searching particular solutions for the systems are the important part in mathematical 
physics for understanding their nonlinear phenomena. By the separation method, Makino firstly 
obtained the radial symmetry solutions for the Euler or Navier-Stokes equations (J2j in 1993 [4]. 
After that there are some other ways to construct some particular solutions [3] and [8] for these 
systems. 

It is natural to seek solutions with elliptic symmetry for the Euler or Navier-Stokes equations 
([2]), based on the previous work. In this brief article, we could generalize Makino's solutions to 
the corresponding ones with elliptical symmetry and drift phenomena for these systems in the 
following theorem: 

Theorem 1 To the Euler and Navier-Stokes equations H|) in R N , there exists a family of solutions: 



n a k 

k=l 



(3) 



%{xi+di) for i=l,2,...., 



N 



where 



ae 2k s for 7 = 1 

m = < (, ^ \ . . (4) 



((-|? S + «) 7 ',0) /or 7 



> 1 



N 



with s = ^a^lt)^ ' arbitrary constants a > 0, dk and £; 

k— 1 

and the auxiliary functions a,i = di (t) satisfy the Emden dynamical system: 

^r, fori = 1,2,...., N 

n a* 

fe=l 



(5) 



ai(0) = a l0 > 0, di(0) = aji 

uratft arbitrary constants aw and an . 
In particular, with 7 = 1, 

(la) for £ < 0, the solutions (0] &Zoiy up on a finite time; 
(lb) for £ > 0, ifte solutions (3$ exists globally, 
with 7 > 1, 

(2a) for £ < and some dji < 0, i/ie solutions (0) Wow on or before the finite time 

T = mia(-Oio/aii : a u < 0, i = 1, 2, N); (6) 
(S&j /or ^ > and an > i/ie solutions |[3J) exist globally. 
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Remark 2 When a\ = = .... = ajy = a(t), the solutions are with radial symmetry and the 
Emden dynamical system [5$ returns to the conventional Emden equation: 

a(0) = a > 0, a(0) = ai. 
T/iis cZass of analytical solutions wii/i radial symmetry for the compressible Euler equations ^ 
was first discovered by Makino in J4%. Otherwise, the solutions (3\) are with elliptical symmetry for 
N > 2. 



2 The Separation Method 

Very recently, Yeung and Yuen in 5 discovered the implicit or explicit functions for the mass 
equations ([3])i- In this section, we apply their result in the explicit expression to have the following 
lemma: 

Lemma 3 (Lemma 1 in [5]) For the equation of conservation of mass: 

pt + V • (pu) = 0, (8) 

there exist solutions, 



_ x n(') ' »2(') "«(') / 

" N 

nai{t) (9) 

Qi(i) 



Ui = ^ry (x, + di) for i = l,2, iV 
with an arbitrary C 1 function f > and a,(t) > and constants di. 

For better understanding the lemma, the proof is also provided here. 
Proof. We plug the functions 

P = P(t,x) 



+ for i = 1,2,...., N, 



into the mass equation 



(10) 



p t + Vp-u + p\7-u = (11) 

1 V 7 2 — 1 V ' 

The general solutions for the semi-linear partial differential equation (|12[) are: 

F na,(()p, — , 777-,...., 7-7- =0 (13) 

\t=l Ol(*J 02 (t) Ojv(t) / 

with an arbitrary C 1 function F such that p > 0. 
We take the explicit one as 

f I Xi+di x 2 +d 2 x N +d N \ 

J \ Ql (t) ' a 2 (t) ' a N (t) J 

P= N • ( U ) 

n Oi(t) 
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Therefore, the proof is completed. ■ 

The following proof is the checking our constructed functions ([3]) for the main result: 
Proof of Theorem[ll We observe that the functions ((3]) satisfy the conditions in Lemma[3]for the 
mass equation ^ i . Alternatively, readers can plug the functions (J3J to balance the mass equation 
by the directional computation like in [4] and [7]. 

For the i-th momentum equation ([2])2 of the Euler and Navier-Stokes equations, we define the 
self-similar variable with elliptic symmetry (for not a\ = a<i = .... = a^) and drift phenomena (for 
not all di = 0): 



N 

E 

k=l 



(x k + d k ) 
a k {tf 



(15) 



to have: 



duj 
~dt 

P 



k=l 



dx k 



d 



d ( di \ f di A 3 /dj. 

— — (Xi +di) + —{Xi + di) —— —(Xi + di) 
at \a l / \ di I dxi \di 



(16) 

K 1 p'- 1 ^- P (17) 



(xt + dJ + ^iXi + di) 

K) J (a,i) 



,7-2 



9 f(s) 

dxi n 
11 a k 

fe=i 



(18) 



= /<< ^(x l +d l ) + 2K 1 — f - {s)1 * 

CLi / N 



/(*) 



7-2 / N 



(xi + di) p 



didt + 2Kj 



f(sV- 2 f(s) 



N 

n a k 

k=l 



7-1 



(xj + dj) p 

Tlv \^ 

a? (Ho* 



(19) 

(20) 
(21) 



with the ./V-dimensional Emden dynamical system 



fii(t) 



rr for i = 1,2,...,N 



ai (t)( n a k (t) 



ai(0) = a i0 > 0, di(0) = an 



(22) 



with arbitrary constants £, a^o and an. 

Here, the local existence for the Emden dynamical system (|2"2"|) can be guaranteed by the fixed 
point theorem. Then, we further require the first order ordinary differential equation: 



^ + /(*) 7 - 2 /(s)=0 



/(0)=a>0. 



(23) 
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The above equation (|23|) can be solved exactly by 



ae 2 ^' s for 7 = 1 



/(«) = < ft 1(7-1) X^r „\ . . (24) 



■fcil S + a ,0) for 7 > 1. 



Thus, the functions ([3]) are the solutions for the Euler and Navier-Stokes equations ((2J. 

In particular, with 7 = 1, as the Emden dynamical system (|22|l becomes to be the conventional 

Emden equation: 

- 4o (25) 

o,-(0) = a l0 > 0, dj(0) = aii, 
we may use the energy method in classical mechanics (or readers may refer the lemma 7 in [5]) to 
show that (la) for £ < 0, functions <2j(f) blow up on a finite time; 
(lb) for £ > 0, the functions Oi(i) exist globally. 
With 7 > 1, 

(2a) for £ < and some an < 0, by comparing the second order linear ordinary differential 
equations: 

a t < 

(26) 

a»(0) = a l0 > 0, &i(0) = a<i, 
we can show that the solutions Q blow up on or before the finite time 

T = mm(-a M /a a : an < 0, i = 1, 2, iV); (27) 

(2b) for £ > and all a.u > 0, similarly, it is clear for that the solutions ([3]) exist globally. 
The proof is completed. ■ 

3 Conclusion and Discussion 

In this brief paper, the analytically self-similar solutions (J3|) with elliptic symmetry and drift 
phenomena for the compressible Euler and Navier-Stokes equations in R N (N > 2) are constructed 
by the separation method. We reduce the Euler and Navier-Stokes equations (J2j into the 1 + N 
differential functional equations: 

(/(a),o,-(t) fori = 1,2, ...JV). (28) 
In addition, by analyzing the Emden dynamical system ([5J: 



2<(*) = — tit — vfi. fOT * = 1.2, jv 

o<(t) n o*(t) 



(29) 



Oi(0) = a l0 > 0, di(0) = an, 
some blowup or global properties of the constructed solutions ((3]) can be shown easily. 
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However, for the iV-dimensional (N > 2) Emden dynamical system (|29p with arbitrary con- 
stants £, 7, aio and an, the all blowup sets, blowup times and asymptotic analysis of the solutions 
are not clear to be obtained. Computing simulation and rigorous mathematical proofs for the 
system (|29| can be followed to understand the evolution of the constructed flows ([3]) for the Eulcr 
and Navier-Stokes equations in the future. 
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